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Abstract
The Barrow entropy appears from the fact that the black hole surface can be modified due to
quantum gravitational outcome. The measure of this perturbation is given by a new exponent
∆. In this letter we have shown that, from the standard mathematical form of the equiparti-
tion theorem, we can relate it with Barrow entropy. From this equivalence, we have calculated
precisely the value of the exponent for the equipartition law. After that, we tested the thermo-
dynamical coherence of the system by calculating the heat capacity which established an interval
of the possible thermodynamical coherent values of Barrow entropic exponent and corroborated
our first result.
PACS numbers: 04.70.Dy, 98.80.-k
Keywords: Barrow entropy, equipartition theorem
∗ evertonabreu@ufrrj.br
† jorge@fisica.ufjf.br
‡ edesiobarboza@uern.br
1
Black holes (BH) are one of the most intriguing and fascinating astronomical entities
that encompasses the main issues of quantum gravity analysis. The origin of a BH, i.e.,
a collapsing star, for example, makes us to realize that the geometry of short distance
fluctuations can be improved until macroscopic distances. This connection between high-
energy and low-energy physics can involve serious discussions about the dynamics of these
systems at Planck scale. And it has consequences concerning low-energy experiments.
Having said that, it is well known at this juncture, that there exists an association
between BH physics and thermostatistical formalisms. As an example, we can compute
the specific temperature and entropy of a BH. Both rely on the BH horizon [1]. Conse-
quently, it was suggested an extension of this computation, the so-called thermodynamics
of spacetime, where we can use the concepts of thermodynamics at the horizon of the
Universe, see [2] and references therein for details.
Besides, working on the thermodynamics first law at the apparent horizon, we can
obtain the Friedmann equations. It can also be shown that from the Friedmann equations
we can obtain the first law [3]. These precise calculations show that they are efficient both
in general relativity (GR) as well as in several modified gravity approaches, although in
the latter formalisms the entropy relation is in general altered [4].
We can also think of the second law of thermodynamics, which, considering BH physics,
it was extended to the concept of generalized second law of thermodynamics, i.e., where
the standard entropy combined with the BH horizon entropy is an increasing, or stable at
least (non-decreasing), time function [5]. We can also use this concept when consider the
Universe horizon, where the total entropy of the interior of the Universe together with
the entropy of its horizon can be a non-decreasing time function [6]. We can demonstrate
that this idea is always true for GR, although it is not always what happens in modified
theories of gravity. Therefore, we can employ it to obtain its constraints [7].
A few days back, Barrow [8] analyzed the circumstance where quantum gravitational
effects could cause about intricate, fractal structure on the BH surface. It changes its
actual horizon area, which in turn leads us to a new BH entropy relation, namely,
SB =
(
A
Ao
)∆
2
+1
, (1)
where A is the usual horizon area and Ao the Planck area. It is important to say that
this extended entropy is different from the standard “quantum -corrected” one [9] with
logarithmic corrections [10], although it is a kind of Tsallis nonextensive entropy expres-
sion [11]. We can see clearly that this quantum gravitational perturbation is represented
by the new exponent ∆. There are some characteristic values for ∆. For example, when
∆ = 0 we have the simplest horizon construction. In this case we obtain the well known
Bekenstein-Hawking entropy. On the other hand, when ∆ = 2 we have the so-called
maximal deformation.
In this letter we are interested specifically in the computation of the Barrow’s exponent
by using the compatibility of Barrow’s entropy with the equipartition law. We have
also tested the validity of our result with the thermodynamical coherence of the model
by calculating its heat capacity. To accomplish the task, we will use thermodynamic
functions, which are normally used in BHs physics, they are entropy and temperature.
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Throughout this letter we will use ~ = c = kB = 1. In the context of the usual BH area
entropy law, S = A/4G. We will also assume that the number N of degrees of freedom
(dof) of the horizon satisfy the standard equipartition law [12]
M =
1
2
NT , (2)
where T is the temperature and M is the BH mass.
The thermodynamics of BHs were constructed upon the basis of the ideas of both the
entropy and temperature of BH [13–15]. The temperature of a BH horizon is directly
proportional to its surface gravity. In Einstein gravity theory, the BH horizon entropy is
proportional to its horizon area, i.e., the BH entropy area law.
Our main target will be the Schwarzchild BH entropy, which will depict the horizon.
Following Barrow deformed entropy, given in Eq. (1) for BHs [6] it is given by
SB =
(
A
4G
)∆
2
+1
, (3)
where G is the gravitation constant, 4G is the Planck area and A is the standard horizon
area. The new exponent, ∆, is responsible for the quantum gravitational deformation
[16]. There are two characteristic values for ∆. Namely, ∆ = 0 shows the well known
Bekenstein-Hawking entropy, which is the easiest horizon framework. For ∆ = 2, we have
a fractal framework. So, the entropy in Eq. (3) connects the BH area entropy to the area
A of the horizon. In BH physics, the area A of the horizon can be associated with the
source mass M through the relation
A = 16piG2M2 . (4)
It will be assumed that the number of degrees of freedom (dof), N , of the horizon obey
the standard the standard equipartition theorem [12]
M =
1
2
NT , (5)
where T is the temperature and M , the mass of the BH. Substituting the area in Eq. (4)
into Eq. (3), we have that
SB =
(
16piG2M2
4G
)∆
2
+1
=⇒ SB =
(
4piGM2
)∆
2
+1
. (6)
The temperature is given by
1
T
=
∂S(M)
∂M
, (7)
and using Eq. (6)
1
T
=
(
∆+ 2
)(
4piG
)∆
2
+1
M∆+1 . (8)
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We will use [17] that the number of dof, N , in the horizon can be obtained by
N = 4S , (9)
where S is the specific entropy that describes the horizon. Hence, using Eqs. (6) and (9)
we have that
N
4
=
(
4piG
)∆
2
+1
M∆+2 , (10)
but, substituting the result in Eq. (8) for the temperature into Eq. (10), we have that
M = 2
(∆
2
+ 1
)
N T , (11)
and comparing with Eq. (5) we have the standard equipartition theorem if
∆
2
= −
3
4
=⇒ ∆ = −
3
2
(12)
which implies that the Barrow entropy can be written as
SB =
( A
4G
)1/4
. (13)
or
SB =
(
4piGM2
)1/4
. (14)
coherent with the equipartition law.
Let us discuss now the physical coherence of this structure. We can do that by cal-
culating the heat capacity of the model. In other words, the sign of the heat capacity
can pinpoint the stability condition of BHs. Namely, the heat capacity must be positive
for stable thermodynamical systems. A negative heat capacity indicates that there is a
violation of the laws of thermodynamics, i.e., thermodynamical unstableness.
The heat capacity is given by
C = −
[S ′BH(M)]
2
S
′′
BH(M)
, (15)
where the prime means a derivative relative to M . So, using Barrow’s entropy in Eq. (6)
into Eq. (15) we have that
CB = −
[ (
4piG
)∆
2
+1(
∆+ 2
)]
∆ + 1
M∆+2 , (16)
which means that, for stability, we must have that
∆ + 2
∆ + 1
< 0 =⇒ −2 < ∆ < −1 =⇒ CB > 0 . (17)
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Hence, for thermodynamical coherence with the equipartition law, we have that ∆ has to
be in the interval −2 < ∆ < −1, which corroborates the last result, ∆ = −1.5, for the
equipartition theorem. Therefore, the estimate of the equipartition law Barrow exponent
is ∆ = −1.5.
For ∆ = 0 in Eq. (16), for a smooth spacetime structure, we have that
CB = − 8piGM
2 . (18)
which reproduces the usual value of the heat capacity of a BH and it means, as well
known, that a BH is thermally unstable. The negative heat capacity in this regime means
that a slight drop in BH’s temperature will cause an extra drop as the energy keeps
being absorbed. The process will continue forever and the BH will keep feeding on the
surrounding heat bath. Moreover, a slight rise in BH’s temperature from the equilibrium
value will cause the BH to radiate some net energy. Hence, it will increase its temperature
still further. It will, eventually, conduct to the explosive vanishing of the BH altogether.
For ∆ = 2 in Eq. (16) we have that
CB = −
64
3
(
piG
)2
M4 . (19)
which corresponds to the heat capacity of a maximal deformation of spacetime, i.e., for
the most intricate. From Eq. (16) it is easy to see that ∆ > 0 values also indicates
unstableness, since the heat capacity is negative all the way.
To conclude, we can mention that the Barrow entropy originates from the fact that
the BH surface can be perturbed by the so-called quantum gravitational effects. We can
measure its deviation from the Bekenstein-Hawking entropy through a new exponent ∆.
In this work we calculated precisely the value of this exponent by making an equivalence
with the equipartition law. After that, to check the correctness of our result and to observe
the application of the thermodynamical coherence of the model, we have calculated the
heat capacity of the system, which is a positive quantity. It brought the interval of
validity of the Barrow’s entropy exponent and corroborates our first result considering
the standard equipartition law.
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